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Abstract: In this article a more generalized four point boundary value problem associated with a
third order differential equation involving mixed boundary conditions is proposed. First we
constructed the Green’s function for the associated third order three point boundary value problem
through undetermined parametric method and then the idea is extended to the third order four
point boundary value problem with mixed boundary conditions. Using this idea and an Iteration
method is proposed to solve the corresponding nonlinear problem.
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1. INTRODUCTION:

Mixed boundary value problems arise in many areas of applied problems like modeling of nonlinear
diffusion via nonlinear sources, chemical concentration in biological problems, thermal conduction
of heat, electromagnetic conduction of thermal power etc. Non local boundary value problems raise
much attention because of its ability to accommodate more boundary points than their
corresponding order of differential equations [2], [6], [12]-[15]. Considerable studies were made by
Bai and Fag [2], Gupta [4] and Web [9]. This research article is concerned with solving the nonlocal
third order four point boundary value problem with mixed type boundary conditions

U™ () +a()f(t,u()=0 (1.1)

u@=0, u(@+u'(@=ku(z), u)+u'(b)=k,u(,) (1.2)
where f:[a,b] X R - Risagiven function, a<mn; < n, <b and k;,k,€R

The Green’s function plays an important role in solving boundary value problems of differential
equations through integral equations. The exact expressions of the solutions for some linear ODEs
boundary value problems can be expressed by the corresponding Green’s functions of the problems.
The Green’s function method will be used to obtain an initial estimate for shooting method. The
Greens function method for solving the boundary value problem is an effect tools in numerical
experiments. Some BVPs for nonlinear integral equations the kernels of which are the Green'’s
functions of corresponding linear differential equations. The undetermined parametric method we
use in this paper is a universal method, the Green’s functions of many boundary value problems for
ODEs can be obtained by similar method.

In (2008), Zhao discussed the solutions and Green’s functions for non local linear second-order
Three-point boundary value problems.

u +f()=0, te€][ab]
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subject to one of the following boundary value conditions:
u(a) =ku@m), u®) =0 ii.u(a)=0, ulb)=ku®) iiula)=ku'(n), ulbd) =0
iv. u(a) =0, u(b) = ku’(n) where k was the given number and n € (a, b) is a given point.

In (2013), Mohamed investigate the positive solutions to a singular second order boundary value
problem with more generalized boundary conditions. He consider the Sturm-Liouville boundary
value problem

u +Ag(t)f(t) =0, t € [0,1] with the boundary conditions
x u(0) — fu'(0) =0, yu(1) + su'(1) =0

where «> 0, § >0, y > 0and § > 0are all constants, 1 is a positive parameter and f(.) is
singularatu = 0.

Also the existence of positive solutions of singular boundary value problems of ordinary differential
equations has been studied by many researchers such as Agarwal and Stanek established the
existence criteria for positive solutions singular boundary value problems for nonlinear second order
ordinary and delay differential equations using the Vitali’s convergence theorem. Gatical et al
proved the existence of positive solution of the problem

u + f(t) =0, te€]J0,1] withthe boundary conditions
xu(0) —pu'(0) =0, yu(1)+su'(1) =0
using the iterative technique and fixed point theorem for cone for decreasing mappings.

Recently Goteti V.R.L. Sarma et al., studied the solvability of a second order four point boundary
value problem with ordinary boundary conditions U"+ f (t)=0, te[a,b] satisfying the boundary
conditions

u(a) =ku(r), u(b) =k,u(7,); where a <n; <n, < b and k, and k;, are real constants.

This article generalizes the existing results and paves the way to study associated multi point
boundary value problems and periodic boundary value problems also.

This article is organized as follows: In section 2 we considered associated third order three point
mixed boundary condition and a method to its Green’s function is proposed and solved. In section 3
we considered the main non local third order four point mixed boundary value problem and it is
solved with the help of suitable Green’s function which was constructed under the idea in section 2.
We illustrated our results by constructing a suitable example.

Section 2. A Third Order Three Point Mixed Boundary Value Problem:

In this section a third order three point boundary value problem

u™(t)+a(t)f(t,u) =0, tefab], (2.1)
u(@=0,  u(a)+u'(a)=ku(m), u(b) +u'(b) =kyu(z)
(2.2)
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where f:[a, b] x R > Ris agiven function a< n <b and k;,k,eR

is solved by constructing its green’s function through the method of undetermined coefficients. This
method is verified through a suitable example.

Theorem 2.1 The Green’s function for (2.1), (2.2) is given by
G(t,s) = K(t,s)+

[(k)(b-a+1)=k, ]t +[ (k) (a® = 20—} + 2ak, |t+(k;)(~a'b—a’ + 2ab+ab? ) -’k
(Za—kl(ry2 —az))(b—a+1—kz(q—a))_(l_kl(n_a))(bz a1 2b—k, (i _az))

K(#,s)

(2.3)

(b—s)(b—s+2)(t—a)’
2(b—a)(b—a+2)
Where K(t,s) = (2.4)

(b_s)(b_s+2)(t_a)2—l(t—s)z,aSSStSb
2b-a)b-a+2) 2

<t<s<b

Proof: First consider the corresponding homogeneous equation with homogeneous boundary
conditions as

u)=0, , u(@=0, u(a)+u’(a) =0, u(b)+u’'(b)=0
(2.5)

A(S)? +B,(s)t+C,(s),a<t<s<b
Let us take the Green’s function in the form K(t,s) =

A ()P +B,(s)t+C,(s),a<s<t<b

From the properties of Green’s function
-1
A-A=

2(A,—A)s+(B,~B)=0 = B,=B, +5

(A,-A)s*+(B,-B,)s+(C,-C,)=0 = CZ:Cl—%S2 Hence

A(S)t? +B (s)t+C,(s),a<t<s<b

K(t,s) = 1 ,
A (S)t? + Bl(s)t+C1(s)—§(t—s) ,a<s<t<b

u@=0 = C,=a’A —aB,
u@+u'(@=0 = B, =-2aA , C,=a’A
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(b—s)(b-s+2)

u)+u')=0 = Al(S)ZZ(b—a)(b—éHZ)

(b—s)(b—s+2)
2(b—a)(b—a+2)
(b—s)(b—s+2)
2(b—a)(b—a+2)

(t—a)z,astsssb

K(t,s) =

(t—a)z—%(t—s)z,aSSstsb

u”(t)+a(t) f (t,u(t)) =0,
And the solution of is given by

u(a) =0, u(a)+u'(a) =0, u(b)+u’(b)=0
w(t) = _T K(t,s)a(s) f (s,u(s))ds, (2.6)
And clearly

w(@)=0, w@)+w'(@)=0, w(b)+w'(b)=0, w(n)= T K(n,s)a(s) f (s,u(s))ds.
(2.7)

Now let us assume the solution of (2.1), (2.2) can be expressed by

u(t) = w(t) + (At* + Bt +C ) w(n)
(2.8)

where A,B and C are constants that will be determined.

From (2.7), (2.8) we know that

u(a) =(Aa’ +Ba+C)w(y)
u(a)+u'(a) =( Aa’+Ba+C)w(n) +(2Aa+B)w(r)
u(b) +u'(b) = ( Ab® +Bb+C)w() + (2Ab + B)w(r7)

u(n7) =w(n) +( Ay’ + B+ C ) w(n)
Putting this into (2.2) yields
[ 28—k, (r* —a%) |w(m) A+[L-k (7 - ) [W()B = k()

[b? —a2 +2b—k, (7> —a*) |w(y) A+[b—a+1-k, (17— a)]|w(i)B = k,w(y)
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Solving the system of linear equations on the unknown numbers A and B, using Cramer’s rule we
obtain

N (k) (b-a+1)—k,
- (2a-k (7" —a%))(b-a+1-k,(7-a))—(1-k(7-a))(b* -2’ + 20—k, (7" %))
B (k,)(a*—20-b? )+ 2ak,
- (Za—kl(n2 —az))(b—a+1—k2(77—a))—(1—k1(77—a))(b2 —a’+2b-k,(n° —az))
C oA aBe (k,)(-a’b—a’ +2ab+ab® ) -a’k,

(2a-k,(° —a))(b-a+1-k,(7—a))—(1-k (7 —a))(b* -a’ + 20—k, (n* —a%))

Hence, the solution of (2.1) with the boundary condition (2.2) is
u(t) = w(t) + (At” + Bt + C)w(z)

[(k)(b-a+1)—k, ]t +[ (k )(a* ~2b—b? ) + 2ak, |t +(k,)(~a’b —a® + 2ab+ ab® ) - a’k,

(2a-k (7" —a%))(b-a+1-k,(7-a)) - (1-k, (7 —a))(b* —a* + 20—k, (" — %)) W)

=w(t)+

This together with (2.6) implies that

[(kl)(b—fﬁl)—kz}tz+[(k1)(a2—2b—b2)+2ak2}t+(k1)(—azb—az+2ab+ab2)—azk2 b
(2a-k, (" -a"))(b-a+1-k,(p-a)) - (1-k,(n-a)) (b* -a’ + 2b -k, (1 - !K(n's)a(s)f(s’u(s))ds

uit) = Jtl K(t,s)a(s) f (s,u(s))ds +

Consequently, the Green'’s function G(t, s) for the boundary value problem (2.1), (2.2) is as described
in (2.3).

Corollary 2.2: The Greens function of u'"'(t)+a(t) f (t,u)=0, te[a,b],

u(0) =0, u(0)+u'(0) =ku(n), u@+u'@@) =kyu(r) is
[2k, —k, ]t* =3kt
(—kﬂ?z)(z - k277) - (1_ kﬂ?)(3— k2772)

G(t,s) =K(t,s)+ K(n,s) ,  where
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1 [(s*—4s+3)t*, a<t<s<b
K(,s)== and
6 |(s?—4s+3)t2-3(t-3)%,a<s<t<b

<G s)—l (s*—4s+3)p°,a<n<s<b
6 |(s?-4s+3)n°-3(n-3)%,a<s<n<b

Example: Consider the third-order three-point boundary value problem:

u''(t)+cost=0, te[0,1],

u(0)=0, u(O)+u’(0):équ, u(1)+u’(1):%u'(lj

1
The general solution is given by u(t) = jG(t, s)cos(s)ds,
0

[2k, —k, ]t* =3kt

where G(t,s) = K(t,
& =S ) min) - (1—kr) (3=t

K(7,s)

1 [(s*—4s+3)t?, a<t<s<b
K(,s)== and
6 |(s2—4s+3)t2-3(t-3)%,a<s<t<b

<G s)—l (s*—4s+3)p°,a<n<s<b
6 |(s?—4s+3)n°-3(n-3)%,a<s<n<b

Upon simplifying we will get

2 o2 2

0() = sin(®) ~ O+ i1 cos1)+ 308 sin(l | 1148 1778
2(167) 167

Section 3: A Third Order Four Point Mixed Boundary Value Problem

In this section we will generalize the ideas used in section 2 to solve the third order four point mixed
boundary value problem

u™ () +a)ft,u() =0 (3.1)
u(@=0, u(@+u(@=ku(z), ub)+u(b)=k,u(,) (3.2)
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Theorem 3.1 Assume that
(2a+ ki(az _7721))(b —a+l+k,(a—n,)) -1+ k1(a_771))(b2 —a’+2b+ K, (a2 - 7722)) #0
Then the Solution to the differential equation mixed boundary value problem (3.1) satisfying (3.2)

Is given by

u(t) =w(t)+

(kw(7,) (b —a+l+k, (a_ﬂz)) —k,w(m,)L+k (a— ﬂl)))tz
(a+k (a®-n*))(b-a+1l+k,(a—7,)) - (1+k(a-n))(b* -a*+2b+k,(a* —77,))

+

((kow(r,)(2a + kl(a2 - 7721)) - (k1W(771)(b2 —a’+2b+ k, (az - 7722)))t +
L (2a+ k1(a2 _Uzl))(b —a+l+k,(a-n,))-Q+k(a— 771))(b2 —a’+2b+ k, (a2 - 7722))

(2a+ k1(a2 _7721))(b —a+l+k,(a-7,)) -1+ kl(a—ﬂl))(bz —a’+2b+ kz(a2 _7722))

| kW(n,)((a° L+, (a—m)) —a(2a-+K,(a° — 7)) + kw(p )(@(b* —a’ + 2b+k, (8° —1%,)) —a’ (b —a-+1+k,(a— 772)))}

(3.3)
where W(t) = i K(t,s)a(s) f(s,u(s))ds , w(n)= .T K(n,s)a(s) f (s,u(s))ds and

(b—s)(b—s+2)
2(b—a)(b—a+2)
(b—s)(b—s+2)
2(b—a)(b—a+2)

(t—a)z,astgssb
K(t,s) =

(t-a)’-=(t-s)’,a<s<t<b

Proof: Assume the solution set of (3.1) with the boundary condition (3.2) is given by

u(t) =w(t) + (At* + Bt +C)(W(r,) + W(77,) ,then using the boundary conditions we have

u(a) =w(a) +(Aa’ + Ba+C)(w(r,) +W(r,) =0 (3.4)

u(o) =w(b) + (Ab® + Bb +C)(W(1,) +W(12,)) (3.5)

u(r) =w(rp,) + (Arp,” + Brg, + CY(W(rp,) +W(rp,)) (3.6)

u(1z,) =W(rp,) + (Ag,” + Brp, +C)(W(1,) +W(77,)) (3.7)
31 International Journal of Engineering, Science and Mathematics

http://www.ijesm.co.in, Email: ijesmj@gmail.com




International Journal of Engineering, Science and Mathematics
Vol. 6 Issue 4, August 2017,
ISSN: 2320-0294 Impact Factor: 6.765

Journal Homepage: http://www.ijesm.co.in, Email: ijesmj@gmail.com
Double-Blind Peer Reviewed Refereed Open Access International Journal - Included in the International Serial Directories Indexed &
Listed at: Ulrich's Periodicals Directory ©, U.S.A., Open J-Gage as well as in Cabell’s Directories of Publishing Opportunities, U.S.A

u (a) =w (a) +(2aA+ B)(W(rz,) +W(17,)) (3.8)

u (b) =w (b) +(2bA+ B)(W(r7,) +W(17,)) (3.9)

From the equation (3.3) we have a’A+aB+C =0—C =-a?A—aB and using equations
(3.4) . ..(3.8) and the boundary conditions of (3.2) we get

A=|: (klw(ﬂl)(b_a"‘l"'kz(a_nz))_kzw(ﬂz)(1+kl(a_nl))) :I
(2a+ kl(a'2 - 7721))(b —a+l+k,(a-n,))-Q+k(a— 771))(b2 —a’+2b+ K, (az - 7722)) (W(771) + W(772))

. :{ (e W(7,)(28+ k(@ ~ 7)) ~ (k) (07 — @ + 20 +k,(a° —77,)) }
(2a+ kl(az - 7721))(b —a+l+k,(a-n,))-(Q+k(a— 771))(b2 —a’+2b+ K, (a2 - 7722)) (W(771) + W(772))

C=-a’A-aB
C= kzw(ﬂz)((az 1+ k1 (a- 771)) —a(2a+ k1(a-2 - 7721))) + klw(ﬂl)(a(bz —a’+2b+ kz (a2 - 7722)) —a’ (b—a+1+k
B (2a+k (@°—7n*))(b-a+1l+k,(a-1n,))-[1+k(@-n))(b*—a®+2b+k,(a* -1°,)) (W(771) +W(n

Putting the valuesof A, B, C inthe equation u(t) =w(t) + (At* + Bt + C)(W(r,) + W(77,) we
get (3.3)

Corollary 3.2 If
(2a+k (a° —7°))b—a+1+k,(a—n,))—(1+k (a-n))(b*—a’ +2b+k,(@*—7r?,)) =0 , then

the solution to the boundary value problem :

u() +a(t) f (t,u(t)) =0
u@ =0, u(@)-+u(a)=ku(m), u()+u()=0 isgiven by

(kW) (b—a+1)t2 = (kw(z)(b? —a% + 2b)t + kw(z7,)(a(b? + 2b) —aZ(b +1)

u(t):W(t)+ 2 2 2 2 2 2
(Qa+k,(@"—n°))b-a+l+k,(a-7n,))-L+k(@a-n))(b -a"+2b+k,(a" -7%,))

Proof : Direct substitution of equation (3.3) .
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Corollary 3.3 If kK, —2k, #0 , 7K, #1 ,then the boundary value problem

u™(t) +a(t) f (t,u(t)) =0

u@© =0, u(@)+u©@=ku(), u@-+u@=k,u()

has a solution same as the solution of Corollary 2.3

Example 3.1: Let us consider the following example

u'"'(t)+cos(t) =0,

u(0)=0, u(0)+u’(0):%u(%j, u(1)+u'(1)=%u(1j

5

Solution: Substituting the values in (3.3) and simplifying we get the following solution

-305 3 1 25 1 305 49
ut) =t* sin(l) — =sin(=) + —si ——cos(1) + +
® |:936 @ 8 G ) 52 (g ) 936 @+ 72:l
t{ésm( )+— (1)—£ (1)—£ os(l)—%}ﬂmt
40 3 156 2808 2808 1080

4. Application To Nonlinear Problem:

In this section, we study the iterative solutions which will converge to the solution of the following

nonlinear three-point boundary value problem
Ut f(t,u)=0, te(0,1),

u@) =0, u(0)+u’(0)=kyu(n),
(4.1)

with 776(0,1), k, >0, 2k —k, <0

let J=(01), 1=[01], 0" =[0,m),

u(®)+u'() =kpu(r)

D ={xeC(1)[3M, > m, >0,such that m, (1-t) <x(t) <M, (1-t), te}.

Concerning the function f we impose the following hypotheses:

(4.2)

f (t,u) is nonnegative continuous on J x[J *,

f (t,u) is monotone increasing on u, for fixed t € J,

g e(0,1) such that f (t,ru) >rf (t,u),vO<r<1, (t,u)e I x "
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Obviously, from (4.2) we obtain
ft,AU)>A%F(LU), YA>L (tu)edx]™.

We can see that if 0 <¢; <1, &(t) are nonnegative continuous on J, fori=0,1,2,...,m, then

m
f(t,u)= Zai (t)u“ satisfy the condition (4.2).

i=1
Concerning the boundary value problem (4.1), we have following conclusions.

Theorem 4.1. Suppose the function f(t, u) satisfy the condition (4.2), it may be singular at t=0 and/or
t=1, and

1
0<j f (t, 1—t)dt < oo.
0

Then nonlinear singular boundary value problem (4.1) has a unique solution w(t) in C(1)C?(J).
Constructing successively the sequence of functions

h,(t) = j.G(t, s)f(s,h,,(s))ds, n=12...

for any initial function hy(t)>0(20),t €l then {h, (t)} must converge to w(t) uniformly on I and
the rate of convergence is

max|h, (t) - w()| :0(1— N )
where 0< N <1 , which depends on the initial function h,(t), G(t,s) asin (2.20).

Proof. Let

P ={x®[xt)eC(1), x(t) =0},
Fx(t) = .l[G(t, s) f (s, x(s))ds, Wx(t) eD.

It is easy that the operator F :D — P is increasing; From Corollary 2.3 we know that if ue D
satisfies

uit)=Fu@), tel,

then u eCl(I )mC2 (J) is a solution of (4.1).
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Forany X € D, there exist positive numbers 0 <m, <1< M, such that
m (1-s)<x(s)<M,(1-s), sel,
9 q
(m,) f(s,1-s)< f(s,x(s))<(M,) f(s,1-5), sel.

[2k, —k, ]t* =3kt

(nz)(kz _2k1)+3(k177_1) K(7,s), where

From corollary (2.1) we have G(t,s) = K(t,s) +

K(t,s)==

1{(524s+3)t2,ast353b
6

(s* —4s+3)t* —3(t-3)°,a<s<t<b

Now clearly G(t,s)>t[ —[k1+k2]K(77,s) J

(7°)(k, - 2k, ) +3(kp7 —1)

{(2k =k, )t* =3kt*} K (,5)
(7°)(k, — 2k, ) +3(kpp 1)

= s)<t|3- (k+k, ) K (7,5)
G(t, )—{3 (nz)(k2_2k1)+3(k177_1)]

and G(t,s) <3t* +

Using above inequalities and the conditions (4.2), we obtain

Fx(t) = .l[G(t, s) f (s, x(s))ds

i —| ki +k, |K(7,9) q
>£t[(n2) s+ koK ]((mx) f(s.1-5))ds

(k, — 2k, )+3(k7-1)

—[k, +k, ]
(7°)(k, - 2k, ) +3(kp7 —1)

>t(m,)’ ﬁK(n,s)(f(s,l—s))ds},teI
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Fx(t) = _1[G(t, s) f (s, x(s))ds

! L +k,)K (7,8 q
<o e s g (0 ol

<t(MX)qj{3— (s +k, )K (17,5) }(f(s,l—s))ds, tel

ol (7°) (k= 2k ) +3(kpp 1)

Hence we obtain F: D — D.

Forany hy € D, we let

I, =sup{l >0

Ih, (t) < (Fh, ) (1), t € |},

L, =inf{L>o\Lh0(t) >(Fh,)(t), te |},

1 1

m= min{l,(lho )w} M = max{ll(Lho )m}

u0 (t) = mho (t), un (t) = Fun—l(t)
v, (t) = Mhy (1), v.(t)=Fv_,(t), n=012,..
Since the operator F is increasing

U ) <ut)<---<u,(t)---<v () <--- v () SV (1), tel.

m
For t, = M’ from (4.2) it can obtained by induction that

u,®>(t)" v,@), tel,n=012,-
Hence

0<u,, (1)~ U, (t) <v, () ~u, (1) < (1—(t0 ) Mho(t)), v, p
so that there exist function W(t) € D such that

u, (t) > w(t), v (t) > w(t), (uniformlyonl),

and
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u, ) <w(t)<v (t), tel,n=012,--
From the operator F is increasing we have

u,,,®)=Fu () <Fwl)<Fv (t)=v ,({), n=012,--
Hence w(t) eC'(1)NC?(J) isasolution of (4.1).

Since the operator F is increasing, we obtain U, (t)<h (t) <v (t), tel,n=012,---

Now clearly
|, (£) —w(t)] <|h, (£) —u, (©)| +|u, () —w(t)]

<2, -0, 0] (1-(t,)" JILYC]
so that - max|h, &) - w(t) < (1—(t0 ) ) M max b 1)

Remark: If f (t,u) is continuous on | x[J ¥, then it is quite evident that the condition (4.2) holds.

Hence W(t) e C? (J ) is the unique solution.
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